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Abstract

In models with a capital spillover, the market outcome is not Pareto efficient since agents
ignore the positive externalities caused by investment. One might conclude that taxes on
investment or subsidies to consumption will reduce welfare. However, in a model of
endogenous growth, either a small tax on capital income, whose proceeds are wasted,
increases growth and welfare or a small marginal subsidy to consumption increases growth
and welfare. Also if the tax on capital income does not increase growth, a lump sum tax
whose proceeds are wasted increases growth and, for a wide range of parameter values,
increases welfare.  2000 Elsevier Science S.A. All rights reserved.
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1. Introduction

Recently, growth models with an endogenous rate of technical change have
provided a new framework for studying the effects of taxation. In these models
there can be a much larger quantitative influence of policies on welfare than in the
neoclassical model because policies have the potential to influence the growth rate
in the long run.
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A theoretical prediction, shared by a vast majority of these models, is that
distortionary taxes are detrimental to growth as they reduce the incentives to
produce and invest.

In Romer (1986) the social rate of return on investment exceeds the private
return. Under Romer’s assumptions, an investment tax will reduce the growth rate
and levels of utility while subsidies will increase them. See also Romer (1989),
Barro and Sala-i-Martin (1992, 1995) (Chap. 4). In one sector convex models of
growth without externalities, of the kind introduced by Rebelo (1991), the market
outcome is Pareto optimal, so there is no reason to subsidize investment but any
tax will reduce the welfare of the representative agent.

Many papers study the descriptive and prescriptive aspects of taxation in two
sector models of endogenous growth, in which human capital is accumulated along
with physical capital, of the kind first introduced by Lucas (1988). In these
analyses no externalities or incompleteness of markets are assumed so all taxes
will have negative welfare effects. The issue these papers analyze is how to
minimize the excess burden of taxation, given an exogenous path of government
expenses. Chamley (1985, 1986) and Judd (1985) have shown that in infinitely
lived families exogenous growth models with flat-rate taxes on factor incomes the
excess burden is minimized if the tax rate on capital income is zero in the long
run. Lucas (1990) shows that the Chamley result holds in a two-sector endogenous
growth model. Jones and Manuelli (1992), Jones et al. (1997), Milesi-Ferretti and
Roubini (1998a,b) show that the tax rates on capital, labour (human capital)
income and on consumption should all be zero in the long run.

However, the effects of taxation on growth have proven difficult to isolate
empirically. There is an impressive negative relation between the rate of growth
and the ratio of tax revenues to GDP as pointed out by Plosser (1993) for OECD
countries. However, this ratio rises with per capita income (Wagner’s Law), in
both the cross-section and the time series data sets. Easterly and Rebelo (1993)
show that when in a growth regression the level of initial income is included to
capture the convergence effect discussed in Barro and Sala-i-Martin (1992), the

1coefficients of tax variables become insignificant.
In light of this evidence, in this paper we ask whether it is theoretically possible

for taxes to have a positive effect on growth and welfare, even when the proceeds
are thrown away or rebated lump sum, i.e. even when one abstracts from the
possible productive uses of government spending.

The answer turns out to be yes as we show using a one sector model of
endogenous growth with an infinitely lived representative agent, where, following
Romer (1986), there is a spillover to capital so the social production function is in

1Levine and Renelt (1992), using a variant of Leamer’s extreme-bounds analysis, show that many
coefficient estimates in growth regressions and in particular the ones relative to fiscal variables are not
robust to alterations in the conditioning set of information.
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fact linear in capital. The basic difference in assumptions with respect to this
benchmark model is that the decision to supply labour is explicitly analysed. The
basic intuition is simply that in our model, both capital taxes and lump sum taxes
have an impact on the allocation of resources, because they influence labour
supply and, therefore, the rate of return on capital and the rate of growth. In
particular, either capital taxes or lump sum taxes can increase growth, by making
people work more, even if the tax revenue is thrown away. Moreover we show that
this can increase the representative consumer’s welfare. We also show that when a
tax on capital income does not increase growth and welfare in balanced growth
equilibrium, then growth and welfare will be increased by a consumption subsidy
financed by a lump-sum tax

Some examples of economic models in which taxes and/or wasteful spending
can increase growth and welfare can be found in the literature; however, these
positive effects are generated under assumptions different from ours and highlight,
therefore, different aspects of the way in which fiscal policy can affect the
economy.

The most famous explanation of how wasteful government spending can
increase welfare is that it reduces unemployment via a Keynesian effect on
aggregate demand. This is in general predicated assuming some form of nominal
or real rigidity in prices or wages. We assume perfect competition and price
flexibility, so markets clear and there is no possibility of an aggregate demand
shortfall.

Another way in which taxes can be good is when they finance productive
government spending, as in Barro (1990), Barro and Sala-i-Martin (1992, 1995),
Jones and Manuelli (1992), Turnovsky (1996) and Corsetti and Roubini (1996).

Jones and Manuelli (1992) and Uhlig and Yanagawa (1996) show that in an
overlapping generation framework taxation of capital can increase growth when its
proceeds are used to decrease taxes on labour income as workers are the savers. In
models with income inequality, capital taxation can increase welfare by redistri-

2buting from the rich to the poor. If ex ante identical agents become unequal due to
uninsured risk, then redistribution can Pareto improve as pointed out by Aiyagari
(1995a) and Braun and Uhlig (1996).

These arguments are not related to ours as we assume a representative agent.
Our results are examples of second-best theory. The idea that taxes whose

revenue is not used productively must reduce welfare is based on the first-best
intuition that a waste of resources has a positive social cost. However, the
withdrawal of resources from productive use may have a negative social cost in an

2Judd (1985) shows that the optimal asymptotic tax rate on capital can be zero also when agents
differ in their capital endowment or when only some agents (the capitalists) save. Lansing (1999) finds
the result in Judd disappears when the capitalists’ utility is logarithmic and the government must
maintain a balanced-budget.
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economy in which there is an externality to capital accumulation, i.e. in a
3second-best environment.

In our model, the effects of tax policies depend on whether the market
4equilibrium of the model is locally indeterminate. Such multiple equilibria make it

difficult to study the effect of taxes because outcomes are indeterminate with or
without taxes. In such cases, in most of our analysis, we simply assume that, with
or without taxes, the economy is always on its balanced growth path. We find that
similar results hold under the alternative assumption that, if the market equilibrium
is indeterminate, labour supply at time zero is equal to the no-tax balanced growth
labour supply even if a tax is introduced. If the market equilibrium is indetermi-
nate, capital taxes increase the rate of balanced growth and lump sum taxes and
consumption subsidies reduce the rate of balanced growth. If the equilibrium is
unique, capital taxes reduce growth and lump sum taxes and consumption
subsidies increase growth. Thus, in our model, it is always possible to improve
welfare using either a tax on capital income or a consumption subsidy, and for
specifications of tastes and technology which are considered plausible by many
economists it is possible to achieve the same using a lump sum tax.

While we do not address the issue of optimal taxation directly and focus only on
the case in which the government tax rates are constant over time and the
government runs a continuously balanced budget, we show that an optimal
taxation scheme will not always feature zero rates in the long run, contrary to the
conclusions reached in some of the papers considered above. The counter-intuitive
effects of lump sum taxation have not, to our knowledge, being noted in the
literature on public finance and growth before. In fact, in many analyses, proceeds
from taxation are assumed to be rebated lump sum on the assumption that this will
not affect growth.

The paper is organized as follows: the model is spelled out in Section 2, where
we give a general condition for tastes and technology that implies indeterminacy.
A numerical example of indeterminacy is presented in Appendix A. In Section 3
we consider public policy, in particular we note that, if the market outcome is
indeterminate, growth and welfare in the balanced growth equilibrium are
improved by a capital income tax policy with proceeds returned lump sum
(Section 3.1), the same result holds if proceeds are used to fund wasteful
government spending (Section 3.2). In contrast, if the market outcome is
determinate growth is increased by a lump sum tax with proceeds thrown away

3In a completely different trade theory context a similar counterintuitive effect is derived by
Bhagwati (1980) who shows that the cost of a distortion (in his case a tariff) levied with the aid of
resource-using lobbying can be lower than the cost of the same distortion in the absence of lobbying.

4Recently, there has been a renewed interest in indeterminacy, or alternatively said in the existence
of a continuum of equilibria in dynamic economic models, which means that ‘sunspots’ and ‘animal
spirits’ can matter. See, among others, Benhabib and Farmer (1996, 1994), Benhabib and Perli (1994),

´Benhabib and Rustichini (1994), Boldrin and Rustichini (1994), Caballe and Santos (1993), Farmer
`and Guo (1995), Galı, 1994 Xie (1994), Chamley (1993).
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(Section 3.3) and growth and welfare are increased by a consumption subsidy
financed through a lump sum tax (Section 3.4). Section 4 draws conclusions.

2. The model

We adopt the basic Romer (1986) model of endogenous growth augmented by
allowing for variable labour supply. The economy is formed of identical
optimizing households, of identical perfectly competitive firms, and a government.
In this section we present a general version of the model including all the taxes
and subsidies we consider in this paper. In the following section each specific
policy mentioned in the introduction is studied separately, putting all other taxes
(or subsidies) to zero to clarify which effect each policy has. The features of the
model are described in detail below.

Households: There is a continuum of length one of worker /consumers who
maximize the same CES intertemporal utility function, multiplicatively separable
in consumption of the homogeneous good C and the amount of labour they supply,
L [ [0,1]:

`
12sC2r t ]]V5E e h(L) dt (1)1 2 s

0

5 2where s is positive and different from one, r is positive, h(L) is C and the
following two conditions must hold for utility to be increasing in consumption and
decreasing in labour:

h(L) . 0 (2)

(1 2 s)h9(L) , 0 (3)

while the following two conditions must hold for concavity:

(1 2 s)h0(L) , 0 (4)

s 2]]] h0(L)h(L) . (h9(L)) (5)
(s 2 1)

Eq. (6) gives the instantaneous budget constraint consumers face:
] ] ]l lI 5 r(1 2 t 2 t )K 1 WL 2 (1 2 t )C 2 t K 2 t C 1 t rK (6)k k c a c k

5As noted by King et al. (1988) and Solow (1994) not all instantaneous utility functions increasing
and concave in leisure and consumption are consistent with steady-state growth. Among consistent
forms are the one used in Eq. (1) and, in the limit case when the intertemporal elasticity of substitution
goes to one, the form: log(C) 1 J(L), with J a decreasing and concave function of labour. See also the
discussion in Barro and Sala-i-Martin (1995) (Chap. 9 appendix).
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where I is investment. Households derive their income by renting the capital stock
K (of which all have the same initial endowment) and by supplying labour L to
firms, taking the interest rate r and the wage W as given. Capital income is taxed at

la rate t 1 t . Consumption is subsidized at a rate t . There are lump sum taxesk k c] ]
proportional to average capital, t K and to average consumption t C. Finally therea c]lis a lump sum subsidy proportional to average capital income t rK. Agents, beingk

atomistic, take these averages as variables beyond their control. In this sense these
are lump sum taxes. Since we assume no depreciation, the capital stock evolves
according to:

~K 5 I (7)

The necessary and sufficient conditions for maximizing utility are that Eq. (6) is
respected and:

2sC h(L) 5 (1 2 t )l (8)c

12sh9(L)C
]]]5 lW (9)

(s 2 1)

~l l] 5 r 2 (1 2 t 2 t )r (10)k kl

2r tlim Kl e 5 0 (11)
t→`

where l is the multiplier associated with the constraint (6). From (8) and (9) we
get:

Ch9(L) W
]]]] ]]]5 (12)
(s 2 1)h(L) (1 2 t )c

which says that the marginal rate of substitution between leisure and consumption
~must be equal to their relative price. If we calculate l /l by taking the time

derivative of the log of both sides of (8) and substitute the resulting expression for
~l /l in (10), the Euler equation, rearranging we get the optimal rate of growth of
consumption:

l~ ~ (1 2 t 2 t )r 2 rC h9(L)L k k
] ]] ]]]]]5 1 (13)C ssh(L)

this shows that, for a given labour supply and interest rate, a higher tax rate on
capital income leads to a reduced rate of increase in C.

Firms: There is a continuum—for notational convenience again assumed of
length one—of competitive firms. As is standard from Romer (1986) we assume
that the production set at the firm level is convex in labour L and capital K and in
particular that the individual production function is homogeneous of degree one in

]
these factors but that average capital K causes a labour augmenting spillover. Each
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individual agent (family or firm) acts in isolation taking the actions of other agents
as given but in fact in equilibrium every agent takes the same actions. So average
variables are equal to individual variables and, given our normalization of agents,

6to aggregate variables. Production Y is then assumed to be linear in capital
]

Y 5 F(LK, K) 5 KF(L, 1) ; Kf(L) (14)

2where f is C , strictly increasing and strictly concave. Competition among profit
maximizing firms and the homogeneity assumption ensure that both factors are
paid their marginal products and that these payments exhaust the product, that is

Y 5 rK 1 WL (15)

W 5 Kf 9(L) (16)

r 5 f(L) 2 f 9(L)L ; r(L) (17)

Government: We have seen that government consumption G does not enter the
utility function of consumers or the production function of firms. That is we want
to study the effect of taxes, without considering the possible productive uses of the
tax revenue. In this sense G is waste. Notice this is a standard assumption in
macromodels. We rule out a market for government bonds and assume that the
government runs a balanced budget. Given our normalization of agents the flow
government budget constraint can be written

] ]l lG 1 t C 1 t rK 5 (t 1 t )rK 1 t 1 t C (18)c k k k a c

where on the left-hand side we have outflows and on the right-hand side we have
inflows. Since average and aggregate variables are the same this simplifies to

G 5 (t r 1 t )K (19)k a

Market equilibrium: In a competitive equilibrium individual and aggregate
variables are the same and prices and quantities are consistent with the (private)
efficiency conditions for the households (6), (11), (12) and (13), with factor
markets clearing conditions (16) and (17), with the government budget constraint
(19) and with goods market clearing, i.e. with the economy wide resource
constraint

6As is known increasing returns can be accommodated in a market framework either assuming
production externalities or, as in Romer (1990), assuming imperfect competition by producers. We
prefer the first way for its simplicity. Benhabib and Farmer (1994) show how a model with externalities
and perfect competition and a model with imperfect competition in which a continuum of symmetric
intermediate differentiated goods are aggregated to produce a final good, can have the same reduced
form.
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Y 5 C 1 I 1 G (20)

Given the equality of individual, average and aggregate variables, and given (15)
[which is implied by (16) and (17)], (20) can be obtained by aggregating over the
individuals’ and the government budget constraints.

Balanced growth equilibrium: Our analysis of the effects of taxes is mostly
carried out assuming the economy follows a balanced growth path (hence BGP),
so we will describe it in some detail.

~Along a BGP labour supply is a constant, i.e. L 5 0, so we consider the optimal
~rate of growth of consumption when L 5 0, that is, given (13):

lr(L)(1 2 t 2 t ) 2 rk k
]]]]]] (21)

s

If we substitute (16) in (12) we obtain:

C (s 2 1)h(L)
] ]]]]5 f 9(L) (22)K h9(L)(1 2 t )c

This gives us the optimal ratio between consumption and capital in terms of labour
and also shows that along a BGP, C and K will grow at the same rate (hence g) or

l~ ~r(1 2 t 2 t ) 2 rC Kk k
] ]]]]] ]5 ; g 5 (23)C s K

~Substituting (7), (16), (17) and (22) in (6) the rate of capital accumulation K /K
can also be expressed as a function of L:

~K h(L)
] ]]]]5 f(L) 2 (s 2 1) f 9(L) 2 t 2 t r(L) (24)a kK (1 2 t )h9(L)c

Given (23), an implicit expression for BGP labour supply is given by equating the
~ ~expression in (21), which is equal to C /C along a BGP, and K /K given by (24):

lr(L)(1 2 t 2 t ) 2 r h(L)k k
]]]]]] ]]]]5 f(L) 2 (s 2 1) f 9(L) 2 t 2 t r(L)a ks (1 2 t )h9(L)c

(25)

Each solution of (25) between 0 and 1 and satisfying the transversality condition
ˆ(hence TC) will define a BGP level of labour supply (hence L ). Along a BGP, the

TC (11), using (8) to substitute for l, becomes

2s 2sgt 2r tC e h e0gt ]]]]]lim K e 5 00t→` (1 2 t )c

or
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0 . 2 r 1 g(1 2 s)

ˆh(L ) lˆ ˆ ˆ]]]]5 f(L ) 2 (s 2 1) f 9(L ) 2 t 2 (1 2 t )r(L ) (26)a kˆ(1 2 t )h9(L )c

where the equality is obtained by substituting in r 2 g(1 2 s) for r its value given
by (25) and for g its value given by (24). Since in our policy analysis we assume
the economy is in balanced growth, (25) is our key equation for understanding the
effects of policies on labour supply and growth. In Section 3 we will use (25) for a
series of comparative statics exercises each focused on a specific kind of policy,
i.e. we will compare the steady-state equilibrium before and after the introduction
of marginal taxes (positive or negative, i.e. transfers) in the taxless economy,
which is, therefore, our benchmark economy and to which we turn our attention
now. In Figs. 1 and 2 (linearised) sketches of the left-hand side of (25) (giving
~ ~C /C if L 5 0, which is true along a BGP) and of the right-hand side of (25) (the
~K /K curve) in the taxless economy are drawn. The intersection of the two curves

˜gives us g on the vertical axis and the no-tax BGP labour supply L on the
˜ ˆhorizontal axis. L is the value which L takes when T 5 0, where T is the vector of

taxes. In Appendix A.1 we show analytically that both curves slope up. We use the
result that both curves slope up in the taxless economy repeatedly in Section 3 to
evaluate the sign of the effects of small taxes on growth. The fact that both curves
slope up, means, given the nonlinearity of these curves, that there can be multiple

Fig. 1. A stable economy.
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Fig. 2. An unstable economy.

solutions, i.e. multiple BGP equilibria. However, we do not analyse the issue in
this paper and assume instead that the balanced growth path is unique or, at least,
that when a tax is changed marginally the economy does not jump to a new

ˆbalanced growth path. Formally, we assume that BGP labour supply L is a
continuous function of tax rates.

Without taxes, the TC (26) becomes using (17):

˜h(L )˜ ]]L , (s 2 1) (27)˜h9(L )

we notice that since as shown by (26), the expression giving the TC with taxes is
ˆ ˆcontinuous in L and the taxes, for small values of the taxes, and we assume L

changes continuously with the taxes, if (27) holds than the transversality condition
will hold after the introduction of each small tax.

To ease the presentation we now introduce a new function, N(L). N(L) is
~defined as the difference between the (r(L) 2 r) /s curve and the K /K curve in the

economy with no taxes:

r(L) 2 r h(L)
]]] ]]N(L) ; 2 f(L) 1 (s 2 1) f 9(L) (28)

s h9(L)

˜Since we have defined L as the BGP labour supply in the taxless economy we will
˜have N(L ) 5 0. For our comparative statics exercises in the next section it will be
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convenient to use (28) to rewrite the BGP equilibrium condition (25) such that
consumption and capital grow at the same rate as:

l l~r(L)(1 2 t 2 t ) 2 r r(t 1 t ) t (1 2 s)K hk k k k c
]]]]]] ] ]]] ]]]]2 5 N(L) 2 2 f 9 1 tas K s h9(1 2 t )c

1 t r 5 0 (29)k

˜Notice N9(L ) is the difference in slope between the (r(L) 2 r) /s curve and the
~K /K curve at their intersection point, in the economy without taxes. This means

˜ ~that if N9(L ) . 0 the (r(L) 2 r) /s curve cuts the K /K curve from below as in Fig.
˜ ~1, if N9(L ) . 0 the (r(L) 2 r) /s curve cuts the K /K curve from below as in Fig. 2.

˜The sign of N9(L ) is a key determinant both of the effects of marginal taxes as we
will see in Section 3 and of the transitional dynamics of the model. Thus, even if
our policy results are obtained on the assumption that the economy is always in
BGP, there is a link between them and the transitional dynamics in the taxless
model which is, therefore, considered below.

Transitional dynamics with no taxes: The equilibrium conditions in the
economy can be reduced to a differential system in K and L. The system is formed
by Eq. (24) and by Eq. (30)

N(L) N(L)~ ]]]]]]]]]]] ]]L 5 ; (30)
h0(L) (s 2 1) h9(L) f 0(L) D(L)
]] ]]] ]] ]]2 1 1S Dsh9(L) h(L) f 9(L)

~The algebraic steps to obtain Eq. (30) are given in Appendix A.2. Since L depend
on L only, not on K, the stability properties of the BGP equilibrium can be

7understood focusing on just Eq. (30). To study the dynamic nature of a fixed point
˜ ˜~of Eq. (30), i.e. of BGP labour supply L, we have to sign dL /dL(L ) the derivative

˜ ˜~ ~of L with respect to L, calculated at the fixed point L 5 L. If dL /dL(L ) . 0, the
˜fixed point L is a repeller and the BGP is locally determinate in the sense that if L

˜ ˜were close to but not exactly equal to L, then L would diverge further from L.
˜Thus, the BGP with L 5 L a repeller is a (locally) unique equilibrium path and we

˜ ˜~can say that there is no (local) indeterminacy in this case. If dL /dL(L ) , 0, L is an
˜attractor, that is if L is near L it will eventually approach it. So there is local

indeterminacy i.e. a continuum of equilibrium trajectories all converging to the
given BGP. We have:

7In other words to determine whether the balanced growth equilibrium is determinate it is sufficient
to consider Eq. (30). The analysis so far shows r, C /K, W/K and Y /K do not depend on K but on L
only. Thus, we can analyze the dynamics of L, r, C /K, W/K and Y /K looking only at the dynamics of L
described by Eq. (30). The dynamics of K determine how far along the balanced growth path the
economy is but not how far the economy is from the balanced growth path.
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Proposition 1. A balanced growth path in the taxless economy is locally
˜ ˜indeterminate if N9(L ) . 0 and locally determinate if N9(L ) , 0.

Proof.

˜ ˜ ˜~dL N9(L ) N(L ) N9(L )˜ ˜] ]] ]] ]](L ) 5 2 D9(L ) 52dL ˜ ˜ ˜D(L ) D(L ) D(L )

˜since N(L ) 5 0. D(L) in Eq. (30) is negative for all L. In fact

h0 (s 2 1) h9
] ]]] ]2 1h9 s h

is negative as an immediate consequence of the condition (5) for the negative
definiteness of the Hessian of instantaneous utility, while f 0 is negative. But then

˜ ˜~dL /dL(L ) signs as 2 N9(L ). h

In Appendix A.3 we prove that indeterminacy cannot apply for s . 1 and give a
8parametric example to show that indeterminacy can apply for s , 1.

~Recalling N(L) is the difference between the (r(L) 2 r) /s curve (giving C /C for
~ ~L 5 0, which is true along a BGP), and the K /K curve and that the two curves

˜ ˜intersect at BGP labour supply L, the condition for indeterminacy N9(L ) . 0 has
˜the following geometric representation: it just means that at L the (r(L) 2 r) /s

~curve slopes up more steeply than the K /K curve. This implies that in Fig. 1 an
economy with an indeterminate BGP is represented, i.e. an economy in which the
fixed point is an attractor, while in Fig. 2 an economy with a determinate BGP is
represented, i.e. an economy in which the fixed point is a repeller. Since both
curves slope up one can infer that if there are more than one fixed points, at least
one of them must be an attractor. In fact given the monotonicity and continuity of
the two curves, it is impossible for them to cross twice with one of the curves
being flatter than the other at both intersections. To understand the condition on
the slope of the two curves first note that in the indeterminate case leisure must be
a normal good. Leisure is a normal good if s , 1, which is required for

9indeterminacy. For local indeterminacy it is sufficient that, if the initial consump-
tion to capital ratio is slightly higher than the balanced growth consumption to
capital ratio, then the rate of growth of consumption is lower than the rate of

8For an existence result on indeterminate equilibria in this model see also Pelloni and Waldmann
(1998).

9Differentiating Eq. (12) we get:

d(C /K) (s 2 1) h hh0
]] ]] ] ]5 f 0 1 1 2 f 9S S D D2dL h9(1 2 t ) (h9)c

which is clearly negative when s , 1, given Eqs. (2), (3) and (4).
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growth of capital, so the consumption to capital ratio (and, therefore, L) return to
their steady-state values. If leisure is a normal good a high consumption to capital

~ratio corresponds to low labour supply. If the K /K curve cuts the (r(L) 2 r) /s
curve from above then the rate of growth of consumption is more sensitive to
changes in labour supply than the rate of growth of capital so this low labour
supply has a greater effect on the rate of growth of consumption than on the rate of
growth of capital and causes the consumption to capital ratio to return to the
balanced growth consumption to capital ratio.

In leading one sector growth models a condition for indeterminacy is that labour
supply and/or labour demand have non-conventional slopes. For example for
indeterminacy to apply in Benhabib and Farmer (1994) and in Farmer and Guo
(1994, 1995), who assume utility logarithmic over consumption and a Cobb-
Douglas technology labour demand must slope up more steeply than labour supply
(or alternatively slope down less steeply than labour supply or finally labour
demand must slope up and labour supply must slope down). This is difficult to
reconcile with empirical evidence as Aiyagari (1995b) points out. In our model, in
contrast, where the intertemporal elasticity of substitution of consumption and the
elasticity of substitution between factors can be different from one, both labour
demand given capital and labour supply given consumption will have the

10conventional slopes in the indeterminate case.

3. Some policy experiments

In this section, we study the effect of some combinations of the taxes and
subsidies described in the previous section, when introduced in the economy
without taxes. Many counter-intuitive effects of policy can be shown. First policies
of taxing capital income or of taxing lump sum and throwing away the revenue
can be growth and welfare increasing. Moreover even if investment is inefficiently
low, a consumption subsidy can cause an increase in the rate of growth and
welfare. The same effect would occur if the government forced a higher
consumption to capital ratio by decree by, for example, threatening to punish
consumers who consume too little. In most of the analysis we assume that the

11economy with or without taxes is always in balanced growth. As mentioned in
the previous section, we assume that the balanced growth path is unique or that if

10We have from Eq. (12)
2d(W/C) (h9)1 h0

]] ]]]] ] ]5 2 ,S D2dL h(1 2 t )(s 2 1) hc

which is implied to be positive by Eq. (5), for s , 1.
11In Section 3.1 below we also consider the alternative assumption that the economy with no tax is in

balanced growth and that the tax has no effect on labour supply at time 0.
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it is not unique the introduction of a tax does not cause the economy to jump to a
new balanced growth path. In other words we assume that BGP labour supply is a
continuous function of the tax rates. The analysis of transitional dynamics in the
previous section is used to show that the signs of the effects of tax policies on the
balanced growth equilibrium depend on whether the no-tax balanced growth

˜labour supply L is an attractor (so that the BGP equilibrium is indeterminate) or a
repeller (so that the BGP equilibrium is determinate). In particular, in the first case,
taxing capital income and destroying the proceeds is always welfare improving,
while in the second case subsidizing consumption is always welfare improving. In
all our tax experiments the tax rates are constant though time. Clearly, if it can be
shown as we do that, starting from a no-tax situation, the introduction of a
permanent tax can improve welfare it is clear that any plan featuring zero tax rates
in the steady state cannot be optimal, and in this sense our restricted analysis can

12be directly compared to those conducted allowing for variable tax rates.
Our investigation involves two types of policy analysis. First we analyse the

effect of the policies on growth. This analysis is based on comparative statics
analysis of Eq. (25), i.e. done by calculating the total derivative of BGP labour
supply with respect to each tax, setting other taxes to zero. Effects of taxes on
labour and growth are geometrically illustrated in Figs. 3–7. Second we analyse
the effect of the policies on welfare. We consider only small taxes so we focus on
their first-order welfare effects. Our technique for evaluating these effects hinges
on calculating an expression for maximum welfare V along a BGP in terms of

ˆinitial K (hence K ), optimal L (i.e. L ) and the taxes. We are then able to sign the0

derivative of V with respect to each marginal tax, setting other taxes to zero, by
looking at the conditions for the convexity of technology and preferences and at
the TC. We give here those steps for the analysis of welfare effects which are the
same for all taxes. From now on in order to simplify the notation we suppress the
argument of h, f, of their derivatives and of r—whenever it is not specifically
needed. Assuming the economy is always in steady state, the indirect utility
function V is

`
12sC h0 2r 1g(12s ) ts d]]V 5E e dt1 2 s

0
22s 12s 12s12s h K (s 2 1) (31)0C 0 ]]] ]]] f 9S D]] h (1 2 s) (1 2 t )h91 2 s c

]]]]] ]]]]]]]]]]]]]5 5 h(r 2 g(1 2 s)) l]]](s 2 1) f 9 2 f 1 r(1 2 t ) 1 tS Dk a(1 2 t )h9c

12We take what Atkinson and Stiglitz (1980) (Chap. 12) would define a ‘dual approach’. In a primal
approach the government chooses a feasible resource allocation, subject to constraints that express the
assumption that is possible to find prices such that price-taking households will be willing to behave
accordingly to the allocation. We use instead the tax variables as controls open to the government and
exploit the properties of the indirect utility function of the representative agent.
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The first equality is obtained just by integrating. The second equality is obtained
using (26) to substitute for r 2 g(1 2 s) and (22) to substitute for C . In general,0

for a tax t (where t indicates any component of vector T ) to be beneficial, starting
from a no-tax equilibrium, we need the total derivative

dV
]* . 0.dt T50

log((1 2 s)V )
]]]]

(1 2 s)

is an increasing transformation of V so its total derivative

ˆd(log((1 2 s)V )) ≠(log(1 2 s)V ) dL ≠(log((1 2 s)V ))
]]]]] ]]]]] ]]]]]]* 5 * 1 *dt ˆ(1 2 s) dt (1 2 s) ≠tT50 T50 T50(1 2 s) ≠L

(32)

signs as

dV
]*dt T50

ˆand is more tractable, so we will use it. Notice L is used to underline we are
considering changes in BGP labour supply. For brevity we suppress the notation
u below, but all derivatives are still to be evaluated at the no-tax BGPT50

˜equilibrium, i.e. for T 5 0, L 5 L. In Appendix A.4 we calculate

≠(log((1 2 s)V ))
]]]]]

(1 2 s)≠L

and show that it is positive if s , 1 and negative if s . 1. In the following
subsections all is left to be done is to calculate the other derivatives in (32) for
each policy.

3.1. Tax on capital, proceeds returned lump sum

We first consider the introduction of a capital income tax, whose proceeds are
returned in equal proportions to all consumers. In other words we study the

lparticular case in which t . 0, t 5 0, t 5 0, t 5 0. We assume that, with ork k c a

without the tax, the economy is in balanced growth. The BGP condition that the
rates of growth of consumption and capital are equal (25) becomes:
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lr(1 2 t ) 2 r hk
]]]] ]5 f 2 (s 2 1) f 9 (33)

s h9

and its equivalent (29)

lrt kˆ ]N(L ) 2 5 0 (34)
s

(34) is easier to differentiate than (33). We have:

˜Proposition 2. If the no-tax balanced growth L is an attractor, a small tax on
capital whose proceeds are returned as a lump sum increases the rate of growth in
the balanced growth equilibrium.

Proof. Differentiating (34) around the BGP equilibrium values without taxes, i.e.
˜around L 5 L, T 5 0, we find the following effect on BGP labour supply:

˜ˆdL r(L )
] ]]]5 (35)l ˜dt sN9(L )k

˜ ˜This is positive if N9(L ) . 0, that is, if L is an attractor. To prove the effects on g
~we just have to recall that the right-hand side of (33)—the K /K curve—which is

equal to g along a BGP, is increasing in labour, as proved in Appendix A.1. So the
effects on growth will be positive if labour increases. h

Our comparative analysis of the BGP equilibrium with and without the tax is
~illustrated by Figs. 3 and 4. If starting with no taxes this tax is introduced the K /K

curve stays the same while the other curve, giving the optimal rate of consumption
l~for L 5 0, moves down from (r 2 r) /s to (r(1 2 t ) 2 r) /s. So if the (r 2 r) /sk

~curve is steeper than the K /K curve the intersection point of two curves after the
introduction of the small tax will be on the north east of the previous intersection
point, that is the tax and transfer policy will increase labour supply and growth.

The following is a heuristic explanation of this somewhat surprising result. In
~our model, for an unchanged K /K curve higher labour supply implies a higher

˜interest rate and higher capital accumulation. In the case in which L is an attractor,
such a higher labour supply, in the absence of a tax, is unsustainable because it
would cause the rate of growth of consumption to increase even more than the rate
of growth of capital. In our model this causes labour supply to decline. The tax on
capital income is a device to restrain the growth of consumption for high labour
supply in the case in which consumption would grow faster than capital in the
absence of a tax, at the higher level of labour supply.
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Fig. 3. A rebated tax on capital in the stable economy.

We now come to the effect of the tax on welfare.

˜Proposition 3. If the no-tax balanced growth L is an attractor, a small tax on

Fig. 4. A rebated tax on capital in the unstable economy.
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capital whose proceeds are returned as a lump sum increases welfare in the
balanced growth equilibrium.

Proof. We have to calculate the derivatives in (32) for the particular case at hand.
From (31) when t 5 0, t 5 0, t 5 0 we derive:k c a

≠(log((1 2 s)V )) r
]]]]] ]]]]]]]]5 (36)l h(1 2 s)≠t k ˜]S D(1 2 s) (s 2 1) 2 L f 9h9

To sign (36) recall the TC (27). We then have (36) is positive if s , 1. It is
proved in Appendix A.4 that, if s , 1,

≠(log((1 2 s)V ))
]]]]] . 0

(1 2 s) ≠L

˜But this means that all the derivatives in (32) are positive, if L is an attractor (only
possible if s , 1), so the tax increases welfare. h

This effect of the policy on welfare can be understood intuitively as follows. If
~the BGP labour supply increases, the economy moves up the K /K curve, that is

investment increases, so the beneficial spillover increases and welfare increases to
first order in the change in labour supply. In our model increasing labour supply

˜slightly above L is welfare increasing as the positive indirect effect through the
increase in the interest rate and the externality is stronger than the negative effect
due to the increased disutility of labour. Thus, a small tax causes increased
welfare.

The small tax and transfer policy also increases welfare if, with the tax, labour
˜supply at time zero (hence L ) is equal to L, that is assuming that L is equal with0 0

and without the tax so that with the tax the economy is in a non-balanced growth
~equilibrium. Again the argument is very simple: the tax increases L for any L near

the no-tax balanced growth labour supply. Therefore, it causes labour supply to be
higher at each t. This means it causes higher investment at each t, and a higher
beneficial externality. So even given fixed initial L, the tax causes a first order
increase in welfare. A formal proof corresponding to this argument is available to
the reader on request.

Even if the balanced growth path is locally indeterminate, it is possible to
demonstrate an effect of taxes on long run growth without making assumptions
about which equilibria are selected with and without taxes. The asymptotic growth
rate without taxes is lower than the asymptotic growth rate with a small tax on

˜capital rebated lump sum so long as L is unique and an attractor. Thus, for any
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equilibrium with taxes and any equilibrium without taxes, output and growth will
13eventually become and remain higher with the tax policy than without.

3.2. Tax on capital, proceeds thrown away

We will now analyse the steady-state effects on growth and welfare of a tax on
capital income t , whose proceeds are used to pay for expenditures G 5 rt thatk k

enter neither households’ utility functions nor firms’ production functions. In other
lwords we study the particular case in which t 5 0, t . 0, t 5 0, t 5 0. Again,k k c a

as in all our tax experiments we assume that, with or without a tax, the economy is
in balanced growth. The BGP equality between the rates of growth of consumption
and capital (25) becomes:

(1 2 t )r 2 r hk
]]]] ]5 f 2 (s 2 1) f 9 2 rt (37)ks h9

We then have:

˜Proposition 4. If the no-tax balanced growth L is an attractor, a small wasted tax
on capital increases the rate of growth and welfare in the balanced growth
equilibrium.

Proof. From (29), which is a way to rewrite (25), we see that (37) can be written
as

t (1 2 s)rkˆ ]]]N(L ) 2 5 0,
s

˜that is, differentiating (37) around the no-tax equilibrium L 5 L, T 5 0 we find

˜ˆdL (1 2 s)r(L )
] ]]]]5 (38)dt ˜k sN9(L )

˜ ˜We recall that N9(L ) . 0 is the condition for indeterminacy. So if L is an attractor
(which is only possible for s , 1) the tax will always increase labour supply. The
partial derivative of V with respect to t , when V is expressed as in (31), is zero ask

t does not appear in the expression. Thus, to calculate whether introducing the taxk

can be beneficial, we just have to consider

13If there are multiple balanced growth equilibria we can say the following: If the balanced growth
˜equilibrium with the highest (lowest) L is an attractor then the highest (lowest) asymptotic growth rate

which can occur in the economy with a small tax on capital rebated lump sum is greater than the
highest (lowest) asymptotic growth rate which can occur in the economy without taxes.
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ˆ≠V dL
]].ˆ dt≠L k

ˆIn Appendix A.4 we prove that ≠V/≠L is positive if s , 1. Therefore, the tax on
capital increases BGP welfare if s is less than one and the tax causes increased

˜ ˜labour supply. Both conditions are respected if L is an attractor. Notice that if L is
an attractor the tax will increase g as well. In fact when s is less than one, leisure
and the ratio between consumption and capital must move together. So the tax will
reduce consumption at time 0 and leisure at all times. But since V is an increasing

ˆfunction of C /K , 1 2 L and g, given K , the result that the tax increases welfare0 0 0

implies that it increases g. h

In Fig. 5 the left-hand side and the right-hand side of (37) are represented, with
and without the tax, in the case of an indeterminate BGP equilibrium in the taxless

~economy, i.e. in the case in which the (r 2 r) /s curve is steeper than the K /K
curve in the neighborhood of the equilibrium. When the tax is introduced the

~(r 2 r) /s curve is replaced by the lower (r(1 2 t ) 2 r) /s, while the K /K curvek

moves down by rt . Since indeterminacy of the BGP implies s , 1, we have thatk

the downward movement of the (r 2 r) /s curve is bigger than the downward
~movement of the K /K curve. This clearly implies that the intersection between the

two curves moves right, i.e. that BGP labour supply increases. In the figure the
ˆintersection moves up as well. Formal analysis shows that if L increases and s , 1

Fig. 5. A wasted tax on capital in the stable economy.
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ˆthe increase in L outweighs the negative direct effect (for fixed L) of the tax on g
14and the interest rate, so that g always increases.

The result can be intuitively explained by noticing that here a mechanism is at
work similar to that delivering the result that a rebated tax on capital can increase
labour supply and growth. Suppose we start from a market equilibrium and we
move to another equilibrium with a higher labour supply (and a lower initial
consumption). As seen in the previous section such new equilibrium cannot be a

˜BGP equilibrium if L is an attractor because at the higher labour supply the rate of
growth of consumption will be higher than the rate of growth of capital, causing
labour supply eventually to decline all the way back to the old equilibrium. To
make the higher labour supply sustainable in the long run the rate of growth of
consumption will have to decrease more than the rate of growth of capital, for each
level of labour. A tax on capital income has this effect, whether its proceeds are
rebated or thrown away. However, in the latter case the tax is a less powerful
instrument to increase the BGP labour supply than in the former case. In fact if the
proceeds are thrown away instead of being rebated, the tax will reduce not only the
rate of growth of consumption but also the rate of growth of capital. However,
what determines the sign of the effect on labour supply is that the impact of the tax
on the former is stronger than the impact on the latter. We have seen that this is
true if s , 1, as then the effect of the tax on the rate of growth of consumption,

~measured by rt /s, is higher than the effect on the K /K curve, rt . As to thek k

effects on welfare, in this model we have what we could call an aggregate supply

14 ˜Here we offer an alternative proof of the positive effect of the tax on g when L is an attractor. We
have (again calculating all derivatives at the no-tax equilibrium) looking at the left-hand side of Eq.
(33):

˜ ˆf 0Ldg r dL
] ] ]]5 2
dt s s dtk k

ˆor, using Eq. (38) to substitute for dL /dt and rearranging,k

˜2 f 0L (1 2 s)rdg N9
] ]] ]] ]]5 2 .S Ddt s sN9(1 2 s)k

ˆ(1 2 s)r dL
]] ]5

sN9 dtk

˜and as seen in the text is positive when L is an attractor.
The term inside the big parenthesis is equal to:

L̃ h 1 hh0S]] ]D ]] ]1 f 0 1 1 1 (1 2 s) 1 2 f 9.S S DD21 2 s h9 1 2 s (h9)

This is obtained substituting for N9 its expression from Eq. (A.6). When s , 1, the coefficient of f 0 is
negative from the TC for the model without taxes Eq. (27) and the coefficient of f 9 is positive from Eq.

˜(A.3). So (dg /dt ).0, when L is an attractor.k
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externality: at the taxless market equilibrium everyone would be better off if
everyone were to work more, as that would increase the rate of interest and induce
faster capital accumulation, which, given the spillover to capital, would be more
efficient. However, at the equilibrium aggregate labour supply, i.e. given the
equilibrium wage and rate of interest, for an agent to supply labour at an higher
than average level would not be privately optimal. The tax is a way to ease this
coordination failure. The formal analysis shows that the benefit from the increase
in labour supply the tax makes possible will always dominate the cost of the tax in

15terms of destruction of resources.

3.3. Lump-sum taxes

In this section we consider again the effects of wasteful spending. However,
now G is funded by a lump sum (poll) tax. It is often maintained, by analogy with
a Walrasian model, that lump sum taxes do not affect marginal choices and
efficiency. This explains the common practice of assuming that revenues are
rebated lump sum when considering the effects of taxes. However, the practice can
be misleading as lump-sum taxes can have effects on relative prices, as we show
below. In fact we show that the income effect of lump sum taxes can cause Pareto
improving individual choices even if there is no (direct) substitution effect. We

]
assume that the government taxes each citizen in the population t K and throwsa

the proceeds away, while all other taxes are set to 0. From (25) the BGP labour
supply is the solution to:

r 2 r h
]] ]5 f 1 (1 2 s) f 9 2 t (39)as h9

˜Proposition 5. If the no-tax balanced growth L is a repeller, a small wasted lump
sum tax increases the rate of growth in the balanced growth equilibrium.

ˆProof. The equivalent of (25), (29) becomes N(L ) 1 t 5 0. By differentiatinga

around the no-tax equilibrium we get:

ˆdL 1
] ]]]5 (40)dt ˜a 2 N9(L )

˜we see that the tax will raise the balanced growth labour supply if L is a repeller.
For the effect on growth just look at the left-hand side of (39) and recall that the
rate of interest is increasing in L. h

15As in the case of the rebated tax on capital: If the balanced growth equilibrium with the highest
˜(lowest) [unique] L is an attractor then the highest (lowest) [unique] asymptotic growth rate which can

occur in the economy with a small tax on capital rebated lump sum is greater than the highest (lowest)
[unique] asymptotic growth rate which can occur in the economy without taxes.
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Fig. 6. A lump sum tax in the stable economy.

The effect of the tax on growth is illustrated by Figs. 6 and 7. The lump sum tax
~shifts the K /K curve down but does not affect the (r 2 r) /s curve. Thus, if the

~K /K curve is steeper than the curve (r 2 r) /s, the lump sum tax causes increased
labour supply and growth. Notice this means that positive effects of waste on
growth in this model do not require any particular parameter values. For any
parameter values, either waste funded by a tax on capital or waste funded by a poll
tax causes increased growth.

The positive effect of a wasted lump sum tax on labour supply and growth can
be understood as a combination of a direct wealth effect and an indirect
substitution effect (caused by the increase in r due to increased aggregate labour

˜supply). With the tax, L ceases to be an optimum labour supply because agents
˜would be poorer given fixed aggregate L 5 L and, therefore, fixed prices, so they

would choose to consume less and work more. The resulting increased labour
supply has the effects of increasing the rate of interest and of increasing growth.
The effect on labour supply and on the interest rate is permanent rather than

16temporary as it would be in an exogenous growth model.
Notice it is possible that the tax, in spite of the destruction of resources it

16Baxter and King (1993) analyse, using a model of exogenous growth, the effects of a permanent
increase in government purchases financed by lump sum taxes. They show that the increase will cause
higher capital and labor input. However, given the exogeneity assumption, the rate of growth and the
interest rate are unchanged in the long run. In the absence of a positive spillover to investment the
increased accumulation induced by government intervention will not cause increased welfare.
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Fig. 7. A lump sum tax in the unstable economy.

implies, causes increased welfare. The growth increasing effect is beneficial as the
rate of growth is inefficiently low and it is indeed possible for this benefit to be so
strong that the overall effect of the tax is to increase welfare, despite the cost
represented by the destruction of resources the tax involves. One could think this
overall positive effect on welfare impossible because one could think that
reaching—or indeed going beyond—the pre-tax level of welfare would make the
negative income effect disappear and labour supply decrease. The reason why
reaching—or indeed going beyond—the pre-tax level of welfare does not
necessarily push back agents to a lower level of labour supply (and, therefore, of
welfare) is that at the new level of labour supply agents face a higher interest rate
and hence have a higher incentive to accumulate than they had before the
introduction of the tax. The income effect triggers a substitution effect, which can
make for an increase in labour supply, even once the initial level of welfare is
attained. In Appendix A.5 we give parametric examples in which the policy has
positive effects on welfare. This can occur for a broad range of parameter values
which are consistent with empirical estimates. It is necessary that the marginal
utility of consumption does not decline too quickly with consumption (unless the
share of labour is extremely high). A heuristic explanation of this is that if utility is
very concave in consumption increased growth is not very important since
consumers will soon be virtually satiated in any case. Thus, the short term cost of
the tax and waste policy would outweigh the beneficial effect on growth.

In sum in our model, the externality in capital leads to a first-order welfare
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effect, while aside from the effect via the change in the externality welfare effects
of distortions are typically second-order Harberger triangles. So in our model any
policy which helps internalize the externality through increased labour supply and
growth will increase welfare, and this effect on welfare can be so strong as to
prevail on the fact that waste is in itself damaging, other things being equal.

3.4. A consumption subsidy

A fourth counter-intuitive result on tax issues is that a small consumption
17˜subsidy increases BGP growth and welfare if L is a repeller. Therefore, for any

parameter values in this model, either a wasted capital income tax or a
consumption subsidy improves growth and welfare in a balanced growth equilib-
rium, if this balanced growth equilibrium is unique. In general we must assume
that the policy does not cause the economy to jump to a completely different
balanced growth equilibrium as discussed above.

Suppose that the government subsidizes consumption at the rate t paying forc]
the policy with a lump sum tax, whose revenue is equal to t C. All other taxes arec

set to 0. The BGP condition (25) becomes:

r 2 r (1 2 s) h
]] ]]] ]5 f 1 f 9 (41)

s h9(1 2 t )c

Proposition 6. Either a wasted tax on capital income or a consumption subsidy
ˆcause increased balanced growth welfare if L is continuous in the tax and in the

subsidy.

Proof. Only a proof of the claim about the consumption subsidy remains to be
done. Rewriting (41) as

t (1 2 s) hcˆ ]]]]N(L ) 2 f 9 5 0h9(1 2 t )c

which is the equivalent of (25), (29) with all tax rates but t equal to zero, andc
˜differentiating around L 5 L, T 5 0 we get:

˜h(L ) ˜]](s 2 1) f 9(L )˜ˆdL h9(L )
] ]]]]]]5 (42)dt ˜c 2 N9(L )

˜The denominator of (42) is positive if L is a repeller, the numerator is the ratio

17Among others, Milesi-Ferretti and Roubini (1998b) have noted that a consumption tax may reduce
growth in a model with elastic labour supply. They consider a model in which the market outcome is
optimal and do not consider welfare effects of consumption taxes and subsidies.
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sC /K which is, of course, always positive, so the subsidy will increase labour
˜supply and growth if and only if L is a repeller. In Appendix A.6 we prove that

this increase is welfare enhancing. h

Notice that the benefit of the consumption subsidy occurs because of the
increase in consumption as a function of L. The same outcome could occur if the
new higher consumption to capital ratio were imposed in some other way, such as,

18via a law mandating high consumption. The mechanism driving the result is
similar to that behind the lump sum tax. Either increased consumption or a lump

~sum tax and waste policy reduces K /K as a function of L without affecting the rate
of growth of consumption as a function of L. However, the present policy has the
advantage that there is no waste of resources.

4. Conclusions

In this paper we have proposed a version of the classic Romer (1986), modified
only to let agents choose between work and leisure. We have shown that with this
uncontroversial change many unexpected effects of tax policy appear. We have
shown that a small amount of capital taxation, contrary to the received opinion,
will increase both the rate of balanced growth and balanced growth welfare
whenever the balanced growth path is locally indeterminate. This is true whether
the proceeds are thrown away or rebated lump-sum. The effect of lump sum
taxation is also surprising. It turns out that when the balanced growth equilibrium
is locally determinate the rate of growth is increased by a policy of pure waste
funded via a poll tax, and that for a broad range of parameter values this will
increase welfare as well. Finally, when the balanced growth equilibrium is locally
determinate, even though saving is inefficiently low a marginal consumption
subsidy causes increased growth and welfare.
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Appendix

~A.1. Slope of the (r 2 r) /s curve and of the K /K curve in the taxless economy

The derivative of (r 2 r) /s, given (17), is

f 0(L)L
]]2 . 0 (A.1)

s

~the inequality is immediate, given the strict concavity of f. As to the K /K curve,
differentiating the right-hand side of (24) [and of (25)] with respect to labour we
find:

h hh0
] ]](1 2 s) f 0 1 1 1 (1 2 s)(1 2 ) f 9 . 0 (A.2)S 2 Dh9 (h9)

The coefficient of f 0 is just 2 C /W by (12). So it is negative. The coefficient of f 9

is positive. In fact (5) implies:

2h(L)h0(L) (1 2 s) 1
]]] ]]] ]1 1 (1 2 s) 1 2 . 1 1 (1 2 s) 2 5 (A.3)S 2 D s s(h9(L))

A.2. Derivation of Eq. (30)

In the economy without taxes we have:

~ ~ ~ ~ ~C K h9L r 2 r K h9L
] ] ] ]] ] ]2 5 1 2 5 1 N(L) (A.4)C K sh s K sh

For the first equality we have just used (13) with taxes set to zero. The second
~equality is a consequence of the definition of N(L) as ((r 2 r) /s) 2 (K /K) in the

economy without taxes. By taking the time derivative of the log of both sides of
(22) we find instead:

~ ~C K f 0 h9 h0 ~] ] ] ] ]2 5 1 2 L (A.5)S DC K h h9f 9

Equating these last two equations and rearranging, we get (30).
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A.3. An example of dynamic stability

˜We here prove that N9(L ) . 0 cannot apply for s . 1and then give an example
˜of indeterminacy for s , 1. N9(L ) can be obtained by subtracting the derivative of

~the K /K curve, (A.2) from the derivative of the (r 2 r) /s curve, given in Eq. (A.1)

L̃ h hh0˜ ] ] ]]N9(L ) ; 2 f 0 2 (1 2 s) f 0 1 1 1 (1 2 s) 1 2 f 9 . 0S S S 2DD Ds h9 (h9)

(A.6)

We know from (A.3) that the coefficient of f 9 is negative. A necessary condition
for indeterminacy is, therefore, that the coefficient of f 0 in (A.6) is negative. From

˜ ˜(27) it is easy to infer that for s . 1 we have L 1 s(1 2 s) (h /h9) 5 L 2 s
˜(C /W ) , 0. So N9(L ) . 0 cannot apply for s . 1.

We now give a parametric example giving rise to indeterminacy. We consider
the case in which

12xh(L) 5 (1 2 L) (A.7)

For concavity, if s , 1then x , 1 , x 1 s, while if s . 1 then x . 1.
On the technology side we consider a CES production function with a labour

augmenting spillover to capital and elasticity of substitution of (1 /(1 2 f)). f

must be less than one for the production possibilities set to be convex. So we have:

] f f 1 /fY 5 A a(KL) 1 (1 2 a)K (A.8)s d

where A is a scale factor and a [ (0, 1).
Using the fact that

1 2 af SL]]]]L 5 1 2 SLa

where S indicates the income share of labor and rearranging inequality (A.6)L

becomes inequality (A.17)

s(1 2 s) (2 2 s 2 x)˜ ]]] ]]]]L f 2 1 1 1 1 2 S 1 ss d s dS S D DL(1 2 x) (1 2 x)

s f 2 1 (1 2 s) 1 2 Ss d s dL
]]]]]]], (A.9)

(1 2 x)

We introduce the variable v ; (r /g), that is the ratio between the interest rate and
the balanced growth rate in balanced growth. Notice that the transversality
condition implies that v is greater than one. The balanced growth labour supply
can be expressed as
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S1 2 s L
]]]]]
1 2 x (1 2 S )L˜ ]]]]]]]]L 5 (A.10)S 2 2 s 2 x v 2 1L

]]]]]] ]]11 2 x v(1 2 S )L

To obtain (A.10) we have proceeded as follows. Noticing that r 5 r(1 2 s /v)
˜and recalling (17), given the specification in (A.7) for h(L), N(L ) 5 0 can be

rewritten as

r 1 2 s ˜] ]]2 5 2 f 1 (1 2 L )f 9,v 1 2 x

and given (A.8) as:

(1 2 a) 1 2 s f 21
1 /f(1 /f )21 (1 /f )21˜ ˜]]] ]]d 5 2 d 1 (1 2 L ) d L (A.11)s d s d s dv 1 2 x

where

(1 2 a)f˜ ]]]s dd 5 aL 1 1 2 a 5 .s d (1 2 S )L

Simplifying, noticing that

S (1 2 a)f L˜ ]]]]]]L 5
a(1 2 S )L

and rearranging we get (A.10).
˜Substituting the expression for L given in (A.10) in (A.9) we finally obtain:

sS1 2 v s 1 x 2 2L
]] ]]]]]]S Df 2 1 s 1 2 S 1 S (1 2 s) , (A.12)s d s dL Lv 1 2 x(1 2 S )L

As the right-hand side of this inequality is negative we need for the inequality to
hold that the left-hand side is negative as well, that is

vSL
]]]s , (A.13)v 1 S 2 1L

Notice the higher is v, the lower is S , the lower must be s for (A.13) to hold. InL

conclusion a necessary and sufficient condition for stability to apply is (A.12),
which implies (A.13). Inspection of (A.12) shows that for any value of s

respecting condition (A.13) there is a value of f low enough to give rise to
indeterminacy. For example, if s 5 0.5, x 5 0.51, r 5 4%, g 5 2%, and S 5 0.75,L

and f 5 2 20, then the balanced growth path is locally indeterminate.
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ˆA.4. Derivation of the sign of ( ≠( log((1 2 s)V)) /(1 2 s)≠L)

Now we show that

≠(log((1 2 s)V ))
]]]]]

ˆ(1 2 s)≠L

˜signs as (1 2 s). From (31) deriving at T 5 0, L 5 L we have:

≠(log((1 2 s)V )) 1 (2 2 s)h9 (s 2 1)h0 f 0
]]]]] ]]] ]]] ]]] ]5 1 2 sˆ h h9(1 2 s) f 9(1 2 s)≠L 1

hh0
]]1 1 (1 2 s) 1 2S S 2DD(h9)

]]]]]]]]1 (A.14)h 2˜]S D(s 2 1) 2 Lh9

The term inside the large parenthesis is positive for all values of s, which means
that increasing the balanced growth labour supply increases welfare, if and only if
s is less than one. This can be seen as follows.

For s . 1, the sum of the first two terms is positive if

29(2 2 s)h 1 (s 2 1)h0h
]]]]]]]. 0 (A.15)hh9

since the denominator is positive we want the numerator positive as well and we
have indeed from (5):

2 29(s 2 1) h2 2 2]]] ]9 9 9(2 2 s)h 1 (s 2 1)h0h . (2 2 s)h 1 h 5 (A.16)
s s

Also from (A.3) we know that the numerator of the fourth term in (A.14) is always
positive, while from (27) we have that the denominator is positive.

For s , 1, the sum of the terms in h, h9 and h0 in (A.14), multiplied by the
positive term

h ˜]S D(s 2 1) 2 Lh9

is

h (2 2 s)h9 (1 2 s)h0 hh0˜] ]]] ]]] ]]S D S D(s 2 1) 2 L 2 1 1 1 (1 2 s) 1 2S S 2DDh9 h h9 (h9)

hh0 (s 2 2)h9 (1 2 s)h0˜]] ]]] ]]]S D5 s(2 2 s) 1 s(s 2 1) 1 L 1 . 0 (A.17)2 h h9(h9)
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The inequality is immediate from (2), (3) and (4).

A.5. Welfare effects of a lump sum tax

Here we show that a policy of funding waste via a poll tax can increase the
representative consumer’s welfare for a broad range of parameter values. With all
other taxes set to 0 and t . 0 (31) becomes:a

12s(s 2 1)22s 12s ]]]S Dh K f 90 h9
]]]]]]]]]]V5 (A.18)h ˆ]SS D D(1 2 s) (s 2 1) 2 L f 9 1 tah9

the condition (32) for the tax to be welfare increasing becomes in this case, using
(A.14) and (40):

d(log(V(1 2 s))) 1
]]]]] ]]]]]]]]5

h ˜(1 2 s)dt ]a (s 2 1) (s 2 1) 2 L f 9s dh9

1 (2 2 s)h9 (s 2 1)h0 f 0
]]]] ]]] ]]] ]2 1 2 s˜ h h9 f 9(1 2 s)N9(L ) 1

hh0
]]1 1 (1 2 s) 1 2S S 2DD(h9)

]]]]]]]]1 . 0 (A.19)h 2˜]S D(s 2 1) 2 Lh9

where the first fraction measures

≠(log((1 2 s)V ))
]]]]].

(1 2 s)≠dta

This, given (27), is immediately seen to be negative if s is less than one and
˜positive if s is greater than one. This is enough to know that if L is an attractor

the tax has a negative impact on welfare. In fact

≠(log((1 2 s)V ))
]]]]]

(1 2 s) ≠dta

˜is negative and the effect working through the induced change in L is negative as
˜well since the tax will reduce labour supply when L is an attractor, which has a

˜negative impact on welfare when s , 1. So we study what happens when L is a
repeller. We obtain the left-hand side of (A.20) by multiplying both terms in (A.19)
by
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h˜ ˜]S D(1 2 s)N9(L ) (s 2 1) 2 L f 9.h9

This factor is positive if s . 1, negative if s , 1. So if s . 1, the condition for
the tax to be welfare increasing can be expressed, after some simplifying, as:

1 h h2˜ ˜] ] ]S S D D S DL 2 s 1 (1 2 s) f 0 2 (s 2 1) 2 L
s h9 h9

(2 2 s)h9 (s 2 1)h0
]]] ]]]S D1 f 9 . 0 (A.20)h h9

When s , 1 the condition for the tax to be welfare increasing is (A.20) reversed.
Using again the specifications for tastes and technology given by (A.7) and

(A.8), and using again the fact that

S1 2 a Lf ]]]]L 5 ,
a 1 2 SL

(A.20) becomes, after rearranging:

22 2 s 2 x 1 (2 2 s 2 x) 2˜]]] ] ]]]](1 2 s)(f 2 1)(1 2 S ) 1 1 LS DS DL 1 2 x s 1 2 x

2 2 s 2 x 1 1 2 s
]]] ] ]]2 (1 2 s)(f 2 1)(1 2 S ) 1 1S S DL 1 2 x s 1 2 x

2(2 2 s 2 x)(1 2 s) (1 2 s)˜]]]]]] ]]]2 L 2 (f 2 1)(1 2 S ) , 0 (A.21)D L1 2 x (1 2 x)

By substituting the balanced growth labour supply as given by (A.10) in (A.21) we
see by simple calculations that a lump sum tax will be beneficial for a broad range
of parameter values which are considered reasonable by many economists and are
consistent with empirical estimates. To give two quite different examples the lump
sum tax will improve welfare if r 5 6.5%, g 5 2%,S 5 0.65, f 5 2 5, s 5 0.5,L

and x 5 0.51, or if r 5 6.5%, g 5 2%, S 5 0.65, f 5 2 2, s 5 1.5, and x 5 6.L

A.6. Welfare effects of a consumption subsidy

(31) becomes:

12s(s 2 1)22s 12s ]]]h K f 9S D0 (1 2 t )h9c
]]]]]]]]]V5 (A.22)

(s 2 1) h ˆ]]] ](1 2 s) 2 L f 9S Dh9(1 2 t )c

We now calculate the derivatives in (32) for the case at hand.
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h ˜]s 2 Ld(log(V(1 2 s))) h9
]]]]] ]]]]]5 h(1 2 s)dtc ˜](s 2 1) 2 Lh9

hh0
]]1 1 (1 2 s) 1 2S S 2DD(2 2 s)h9 (s 2 1)h0 f 0 (h9) h

]]] ]]] ] ]]]]]]]] ]1 2 s 1 f 9h h9 h h9f 91 2˜]S D(s 2 1) 2 Lh9
]]]]]]]]]]]]]]]]]]]]2 . 0

L̃ h hh0S D] ] ]]1 (1 2 s) f 0 1 1 1 (1 2 s) 1 2 f 9S S 2DDs h9 (h9)

(A.23)

To prove the inequality we note that the denominators of both fractions are
positive, so the inequality is equivalent to:

2L̃ f 0
]]2 . 0 (A.24)

s

an inequality that always holds.
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